AD-753 610

THE INVERSE OF A TRIDIAGONAL MATRIX

Palmer R. Sc¢hlegel, et al

Ballistic Research Laboratories -
Aberdeen Proving Ground, Maryliand

September 1972

DISTRIBUTED BY:

NS

National Technical Information Service
U. S. DEPARTMENT OF COMMERCE
5285 Port Royal Road, Springfield Va 22151




&9753§1@ 

" BRLR 1612

REPORT NO. I612

THE INVERSE OF A TRIDIAGONAL MATRIX

D

by ,-)f-\p, C

Palmer R. Schiegel j AN 13 973 ‘i

Wllliam Clare Taylor UL‘:&JL_J_, -
~—— C o

September 1972

Approved for public release; distribution unlimited.

Reproduc.d by
NATIONAL TECHNICAL
INFORMATION SERV!CE

erc
‘ HJ ?l‘:l

BALLISTIC RESEARCH LABORATORIES
ABERDEEN PROVING GROUND, MARYLAND




Destroy this report when it is no lounger needed.
Do not return it to the criginatoer.

Secondary distribution of this report by originating or
sponsoring activity is prohibited.

Additional copies of this report may be purchased from
the U.S. Department of Commerce, National Technical
Information Service, Springfield, Virginia 22151

T (LU TR

Conilow T s

The findings in this report are not to be construed as
an official Department of the Army position, unless
so designated by other authorized documents.



sified
Security Classification

(Security clessilication of title, body of abstrect and indexin
1. ORIGINATING ACTIVITY (Corporste suthor)

Ballistic Research Laboratories
Aberdecn Proving Ground, Maryland 21005

DOCUMENT CONTROL DATA-R&D .

annoistion must de entered when the overall roport la classiiied)

28, REPORT IICURI?‘V CLABMIFICATION
Unclassified

26, GROUP N/A

3. REPORTYT TITLE

THE INVERSE OF A TRIDIAGONAL MATRIX

4. CESCRIPTIVE NOTES (Type of report and inclusive detes)
BRL Report

J5 AUTHOR®) (Firel name, middie Initisl, iast nase)
Palmer R. Schlegel, William Clare Taylor

6. REPORT DATKE

September 1972

78. TOTAL NO. OF PAGES 75. NO. OF REFS

J2 1

88, CONTRACYTY OR GRANT NO.

b. mmosecr nvo. 1T062110A027

d.

86, ORIGINATON'S REPORT NUMBER(S)

Report No. 1612

8. OTHER REPORT NOLS) (Any other numbers !hat may be sssigned
thies report)

‘F10. OISTRIBUTION STATEMENT

Approved for public release; distribution

unlimited.

11. SUPPLEMENTARY NOTES

12. SPONSORING MILITARY ACTIVITY

U.S. Army Materiel Command
Washington, DC 20315

| ESS——
13. ABSTRACT

REPLACES DD PFORM 1078, |
OBSOLETE FOR ARMY USE.

DD "2V.1473

The closed form inverse of a fairly gemeral tridiagonal matrix is given.
restriction is that the off-diagonal elements in the tridiagonal band be nonzero.
If the elements of the matrix are integers, where the upper off-diagonal elements
are equal and the lower off-diagonal elements are equal, then an integer multiple
of each element of the inverse can be generated by integer arithmetic.

The

JAN 04, WHICH 18

Unclassified ’
T Recurlty Classification




N T W T DT ST WY N o | WIS S I T

!

L

ca e v r———r T—a = TS ATy v Ay am

Unclassified
~— Security Classification
—
14 LINK A LINK B LINK C
KEY WORDS
ROLE wT NOLE wT RAOLE wT

Inverse

Tridiagonal

Matrix

inleger Arithmetic
Integer Elements

Unclassified

Security Classification




e

SN AT R I

BALLISTIC RESEARCH LABORATORIES
REPORT NO. 1612

September 1972

THE INVERSE OF A TRIDIAGONAL MATRIX

Palmer R. Schlegel

Vulnerability Laboratory

william Clare Taylor

Applied Mathematics Division

Approved for public release; distribution unlimited.

RDTGE Project No. 1T062110A027

ABERDEEN PROVING GRJDUND, MARYLAND




o -

™

(Y

BALLISTIC RESEARCH LABORATORIES

* REZORT NO. 1612

PRSchlngel/WCTaylor/ats
Aberdeen Proving Ground, Md.
September 1972

THE INVERSE OF A TRIDIAGONAL MATRIX

ABSTRACT

The closed form inverse of a fairly general tridiagoral matriv is
given. The restriction is that the off-diagonal elements in the tri-
diagonal band be nonzero. If the elements of the matrix are integers,
where the upper off-diagonal elements are equal and the lower oif-
diagonal elements are equal, then an integer multiple of each elemert

of the inverse can be generated by integer arithmetic.
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I. INTRODUCTION

The closed form inverse of a fairly general tridiagonal matrix is
given. The restriction is that the off-diagonal elements in the tri-
diagonal band be nonzero. If the elements of the matrix are integers,
where the upper off-diagona. elements are equal and the lower off-
diagonal elements are equal, then an integer multiple of each element

of the inverse can be generated by integer arithmetic.
*

In an earlier note1 an identity was obtained. Here we present
a simpler proof of a more general relation. Multiplication of a vector
by a tridiagonal matrix consists of applying a thrce term recurrence
operation to the sequence of elements of the vect.r. We give the ex-
plicit expression for the inverse of the matrix in terms of two vectors,
U and V, formed by recursive solution of the homogeneous relation with

the zero boundary condition at the beginning and at the end respectively.

I1. FORMS OF MATRIX AND ITS INVERSE

Let B = (bij) be a tridiagonal matrix such that bi,i+l # 0 and

bi+1,i #£0, i=1,...,n-1. Define u, = 0, u, = 1 and Ui

_b;fiﬂ(bi,i-lui-l + biiui) for 1 < i< n-1 and Viel = 0, v, = 1

and v, ) = -b;fj_l(bjjvj * By supVje) for ml1>j> 1. Let
R T RN RURUE

where

C.. Avau, , 1=j
1] JJi1

i

Avau, , i >j,
J 1]

‘ -
Superceript numerals refer to ro j-rences founa ov. page 10.
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is the inverse of B. Conversely, if B has an inverse, it is obtained

by this construction. To see this let UT = (ul,...,un) and VT =

(v,5.-.,v_), where u. and v. are defined above. Then (BU)T =
1 n i i

(0,...,0,£) and (BV)T =(n,0,...,0), where £ and n are some numbers.

Let Cj bz the jth column -of B°l. Since the first j-1 elements of

BCj are zero, for some r.

C.. =T.u, i< j.
ij =it

Similarly, since the last n-j-1 elements of BC. are zero, for some s.

cC.. =8.V. , i=].
Thus,

or for some Aj

and

The jth elemert of BCj is

1=D0. . ,c. .+b..c.. +b. . .c. .
J»i-173-1,j] Jiii J.j+17j+1,j

=b. . ,r.u, +b..tu, +b. . s.v,
i»j-1jj-1 3iiig J,3+175 j+1

= A, (b, . ,v.u., . +#b..v.u. +b. . ‘u.v. s
J( J,3-1373-1 0 Tji3 3,341 J+1)
and this determines Aj.
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III. INTEGER ELEMENTS

Suppose the elements of B are integers. Furthermore, suppose

i,i+l = ¢ and bi+1,i =d fori=1,...,n-1. Let
Xipp = -ledxg ¥ byx0),
. . = =(b..y. + cdy.
Yj-i = ~(y5 + cdyyy)
and
W, = cdx. .+ b, .x.y, + cdx.y. .,
j i-1%5 7 %5575 37541
where X = o, X = 1, Ynel = 0 and Yy = 1. It can be shown that
j-i . .
w,C.. = ¢ "X.Y. , i<
J 1) lyj ]

i-j Co
= d ijyi s 177,

that is, an integer multiple of each element of the inverse can be

generated by integer arithmetic.
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